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Bifurcation results for semilinear elliptic 

PROBLEMS IN IR ¥ * 

Marino BadialU and Alessio Pomponicr 


Abstract: In this paper we obtain, for a semilinear elliptic problem in IR V , families of solutions 
bifurcating from the bottom of the spectrum of —A. The problem is variational in nature and 
we apply a nonlinear reduction method which allows us to search for solutions as critical points 
of suitable functionals defined on finite-dimensional manifolds. 


1 Introduction and Main Results 

An interesting problem in bifurcation phenomena is to look for solutions bifurcating not from 
an eigenvalue but from a point of the continuous spectrum of the the linearized operator of 
the involved equation. Typical examples of differential operators with continuous spectrum 
are the Laplace or the Schrodinger operators in all ]R lV , and there are now many results on 
bifurcation of solutions for semilinear elliptic equations in ffC, for example see [19], [20], [21], 
[18], [16]. See also [22], and the references therein, for the study of bifurcation into spectral 
gaps. A.Ambrosetti and the first author have studied such kind of problems in [2] and [3], 
obtaining several results on bifurcation of solutions for a one-dimensional differential equation. 
In this paper we pursue such a study, generalizing some of the results of [2] to higher dimensions, 
and considering also the case of a critical nonlinearity. In section 5 of this paper we also fill a 
gap in the proof of theorem 3.2 in [2], We thank S. Kromer, who pointed out this gap, for his 
remarks and for several useful discussions. 

We consider the equation 

f — Ai/j — Xi/j = a(x)\il>\ p ~ 1 il> + b(x)\ip\ q ~ 1 ij>, x € IlU, 

1 lim| x |_>oo il>(x) = 0, 

where N > 1, A is a negative parameter, 1 < p < q < A±2 if jV > 3 (and q < +00 if TV = 1, 2), 
p < 1 +4 /N and a, b : R v —> 1R satisfy suitable hypotheses (see below). Equation (1) is an 
homogeneous equation, so = 0 is a solution for all A, the line {(A, ip = 0) | A £ 1R} is a line of 
trivial solutions and, as q > p > 1, the linearized operator at i/j = 0 is given by ip — 1 ► — Af/> — Aift. 
It is well known that [0, + 00 ) is the spectrum of —A on lU, and that it contains no eigenvalue. 
We will find solutions bifurcating from the bottom of the essential spectrum of —A. To be 
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precise, by “solution” we mean a couple (A, i/j\) such that ipx £ i? 1 (IR Ar ) and ipx is a solution of 
(1) in the weak sense of iJ 1 (lR Ar ). We look for solutions bifurcating from the origin in iJ 1 (lR Ar ), 
that is families (A, ipx) of solutions of (1) such that A £ (Ao, 0) for some Ao < 0 and ipx —*> 0 in 
H 1 ^) as A —* 0. 

Now let us state the hypotheses on the functions a, b. On a we assume that there is A > 0 such 
that either a — A £ L 1 (lR Ar ) or a — A is asymptotic, at infinity, to l/|:r| 7 , for suitable 7 . To be 
precise, in the first case we assume the following set of hypotheses. 

(ai) a — A is continuous, bounded and a(x) — A £ L 1 (IR Ar ). 

(a 2 ) / R * (a(x) - A)dx ± 0. 

In the second case we assume the following hypothesis: 

(a 3 ) a — A is continuous and there exist 1^0 and 7 £ ]0, N[ such that |a:| 7 (a(a:) — A) —> L as 
\x\ —► + 00 . 

Notice that (ai) of course implies that a-ie ^(IR^) for all p € [1, -|-oo], while (a 3 ) implies 
that a — A is bounded. For b we use some of the following assumptions. 


(bi) b is continuous and bounded. 

(b 2 ) b G L 7 ^ (JR n ). If N > we also assume that there exists (3 € [l,/3*[ such that 

b £ ^(IR^), where 


(3* 


N{p - 1) 

N{p- 1 ) - 2 (q-p) 


if 


N> 2 


q-p 

p- 1 ’ 


f3* = +00 if IV = 2 -——. 

P~ 1 


(b 3 ) b G L ^+2 (IR^). If 7 > 2^^ we also assume that there exists [3 G [l,/?*[ such that 
b £ L^(IR; V ), where 


(3* = 


Nip - 1) 


lip - 1 ) - 2 {q - p) 


if 7 > 2 


q-p 
p- 1 ’ 


(3* = Too if 7 = 2 


q-p 
p- i' 


The value 7 in (b 3 ) is that given in (a 3 ). We will assume either (bi) and (b 2 ), or (bi) and (b 3 ). 
Notice that, assuming (bi), hypotheses (b 2 ) and (b 3 ) are obviously satisfied when b £ L 1 (lR Ar ). 

We can now state our main results. 

Theorem 1.1 Assume 1 < p < q < if N > 3, and q < Too if N = 1,2. Suppose that 
(ai), (a 2 ), (bi), (b 2 ) hold. Then (1) has a family of solutions bifurcating from the origin in 
L° c (JR i n '). besides, p < 1 T this family of solutions bifurcates from the origin also in 

h 1 (e w ). 
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Theorem 1.2 Assume 1 < p < q < if N > 3, and q < +oo if N = 1,2. Suppose that 
(as), (bi) and (bs) hold. Then (1) has a family of solutions bifurcating from the origin in 
L°°(]R Ar ). If, besides, p < 1 + jj, this family of solutions bifurcates from the origin also in 
H x {\R n ). 


Remark 1.3 When p > 1 + 4 /N, in H 1 (El /V ) the solutions can bifurcate from infinity or can 
be bounded away both from zero and infinity. ■ 


Remark 1.4 An interesting question is to know if the solutions that we find form a curve. We 
give some results in this direction in section 5. ■ 


In the proof of theorems 1.1 and 1.2 we follow the framework of [2], concerning the existence 
of critical points of perturbed functionals. We start by a change of variables. Let us set 
u(x) = £ 2 ^ 1 ~ p ' > ’tp(x/e), A = —£ 2 , so that equation (1) becomes 

—A u + u = A[u\ p ~ 1 u + (a(a :/e) — A)[u\ p ~ 1 u + s 2 ~b(x)\u\ q ^ 1 u. ( 2 ) 

It is obvious that to any family u e € H 1 (TR N ) of solutions of (2), bounded as £ —► 0, there 
corresponds a family ip s (x) = £ 2 ^ p ~^u 6 (£x) of solutions of (1). When p < 1 + 4 /N it is easy 
to check that —> 0 in R 1 (IR; Y ), as £ —> 0. When p > 1 + 4/1V we still get solutions, and 

it is easy to see that they vanish, as £ —► 0, in L°°(IR A ), but they do not vanish in L 2 (JR N ). 
Throughout this paper we will look for bounded families of //'-solutions of (2). 

The paper is organized as follows: after the introduction (section 1) we give in section 2 a 
brief sketch of the abstract critical point theory for perturbed functionals that we use to prove 
theorems 1.1 and 1.2. In section 3 we prove theorem 1.1 and in section 4 we prove theorem 1.2. 
In section 5 we give some results on the existence of curves of solutions bifurcating from (0, 0), 
and we fill a gap in the proof of theorem 3.2 in [2], 

Notation 

We collect below a list of the main notation used throughout the paper. 

• If E is a Banach space, F : E —► E, and u £ E, then DF(u) : E —> E, D 2 F{u) : E x E —> E 

and D 3 F(u) : E x E x E —> E are the first, second and third differential of F at u, which 
are respectively linear, bilinear and three-times linear. 

• L(E, E) is the space of linear continuous operators from E to E. 

• 2* = AtA is the critical exponent for the Sobolev embedding, when N > 3. 

• We will use C to denote any positive constant, that can change from line to line. 
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2 Abstract theory for perturbed functionals 

In this section we give the main ideas and results of a variational method to study critical points 
of perturbed functionals. The method has been developed in [4], [1] , [2] and then has been 
applied to many different problems, see [5], [ 6 ], [7], [ 8 ], [13], [9], [10]. We deal with a family of 
functionals f s , defined on a Hilbert space E, of the form 

fe{u) = TjIMI 2 ~ F(u)+G{e,u), 

where || • || is the norm in E, F : E —> 1R and G : IR x E —■> 1R. We need the following hypotheses 
(F 0 ) F G C 2 ; 

(G 0 ) G is continuous in (e, u) G IR x E and G(0, it) = 0 for all u G E; 

(Gi) G is of class C 2 with respect to u G E. 


We will use the notation F'(u), respectively G'(e, u ), to denote the functions defined by setting 


(F'(u)\v) = DF(u)[v], V v G E, 


and, respectively, 

(G'(£, u)\v) = D u G(e, it)[u], V v G E, 

where (• | •) is the scalar product in E. Similarly, F"(u), resp. G"(e,u), denote the maps in 
L(E, E) defined by 

(F"{u)v[w) = D 2 F(u)[v,w\ ( G”(e,u)v\w ) = Dl u G(e,u)[v,w\. 

In section 5 we will assume that F, G are G 3 . In this case we will denote F'"(u), G"'(e, it) the 
bilinear maps defined by 

(F"'(u)[v i,it 2 ] \ v 3 ) = D 3 F(u)[vi,v 2 ,v 3 \, (G'"(£,it)[i>i,i> 2 ] |u 3 ) = D l uu G(e,u)[v i,u 2 ,u 3 ]. 

We also assume that F satisfies 


(Fi) there exists a d-dimensional G 2 manifold Z, d > 1, consisting of critical points of /o, 
namely such that 


2 - F\z) =0, M z&Z. 


Such a Z will be called a critical manifold of fo- 

Let T z Z denote the tangent space to Z at z and Ie denote the Identity map in E. We 
further suppose 
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(F 2 ) F"(z) is compact V z £ Z\ 

(F s ) T z Z = Ker[I E - F"(z)\, V 2 G Z. 

We make the following further assumptions on G. 

(G 2 ) The maps (e, it) 1 —> G'(e, u), (e, u) 1 —> G"(e, u) are continuous (as maps from It x 25 to 25, 
resp. to T(25,25)). 


(G a ) there exist a > 0 and a continuous function T : Z —* IR such that, for all z £ Z, 


and 


F (z) = lim 
£—► () 


G{e, z) 
e a 


G'{s,z) = o{e Q / 2 ). 


In [2] (see also [1], [4]) the following theorem is proved. 

Theorem 2.1 Suppose (Fo — F 3 ) and (Go — G 3 ) hold and assume there exist S > 0 and 
z* £ Z such that 


either min F(^) > r(z*), or max T(z) < r( 2 *). (3) 

\\z-z*\\-5 ||2-2*||=5 

Then, for e small, f £ has a critical point u e . 

Proof. We give only a sketch of the proof, divided in three steps. 

Step 1. Using the Implicit Function Theorem one can find w = w(e, z ) _L T z Z such that 

f e (z + w) G T z Z, ||tu|| = o(e a / 2 ) and \\D z w(s, z)\\ — > 0 as £ —> 0. (4) 

Letting Z e = {z + w(e, z)}, it turns out that Z e is locally diffeomorphic to Z and any critical 
point of f e restricted to Z e is a stationary point of f £ . 

Step 2. Using the Taylor expansion we obtain, for u = z + w(e, z) £ Z e , 

fe{u) =c + £ a r(z) +o(e a ), 

where c is a constant. 

Step 3. It readily follows that, for small s’s, f e has a local constrained minimum (or 
maximum) on Z e at some u e = z £ +w(s,z e ) £ Z e , with \\z £ — z*\\ < S. According to step 1, 
such u e is a critical point of f £ . 
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3 First bifurcation result. 


In this section we prove theorem 1.1. We want to apply the abstract tools of the previous 
section, and we start to set 


E = H 1 (TR n ), 
and G = G\ + G 2 where 


lull 2 = 


[ (|Vu| 2 + u 2 ) dx, F(u) = A f I u\ p+1 dx, 

Jm n P + 1 Jtr n 


and 


r(Fv] _f ^kJm"( a ( x / £ )-A)\u\ p+1 dx if £^o, 

Gl(£ ’ u) -\ 0 if £ = 0 

G 2 ( £ u ) = { £ ” Kx/e)\u\ q+1 dx if £ + 0, 

[ 0 if £ = 0 


Throughout this section we assume N > 3 and, of course, 1 < p < q < ■ The cases 

N = 1,2 can be handled in the same way, and in fact are easier. We have now to verify that 
the hypotheses (F 0 — F 3 ) and (Go — G 3 ) are satisfied. The fact that q > p > 1 gives of course 
(F 0 ) and (Gi). It is also well known (see [11], [12], [15]) that there exists a unique positive 
radial solution zq of 

—Au + u = A\u\ p ~ 1 u, x € IR^, 

that z 0 is strictly radial decreasing, has an exponential decay at infinity together with its 
derivatives, and that /o possesses a N— dimensional manifold of critical points 

z = {z e {x) = z 0 (x + 0)\e GE N }. 

Furthermore, we know (see [17], [4] and the references therein) that T Zg Z =ker(/# — F”(zg)) 
for all zo £ Z. It is also easy to check that F"(zg) is compact, for all zg £ Z. In this way 
all the hypotheses on F are satisfied, and the rest of this section is devoted to prove those on 
G. We will get this by several lemmas. Let us prove as first thing that the hypothesis (Go) is 
satisfied. 


Lemma 3.1 Assume (ai) and (bi). Then G is continuous. 

Proof. We prove first that G\ is continuous. Assume that (s,u) —> (. £ 0 , «o ) hr ® x F[ 1 ( IR^), 
with £q ^ 0. Then we can write 


(p+ l)|Gi(e,u) - Gi(£ 0 ,u 0 )| = 


/ fuf— a) \u\ p+1 dx — [ (a (—^ \uo\ p+1 dx 

Jm n ' ' J E" V \ £ oJ ) 

I (a f-) - A) |u| p+1 dx - / 

Jm. N V / J K 


< 


a 1 — ) - A ] |u| p+1 dx 

IR W V V^O 


6 




By hypothesis a is continuous and bounded, so it is easy to deduce, by dominated convergence, 
that the first term goes to zero, while the second one goes to zero by hypothesis. Hence we 
deduce |Gi(e,tt) — Gi(eo,wo)| —► 0. 

Now assume that (e,u) —> (0,ito). By definition Gi(0,u o ) = 0 and we have, applying Holder 
inequality, 



By the change of variables y = x/e we get 



As a —A G L 2 '-p- 1 (IR^) and u G H 1 { JR.^) C L 2 (IR^), we get G\(e, u) — > 0 as (e,u ) — > (0, uq). 
As to G2, we argue in the same way. If (e,u) —> (eo,^) with £0 7^ 0, then 

(q + 1 )IG2(c, u) — G2(£0? uo)\ = 



The first term can be treated as above, while the second one obviously goes to zero as £ —> £o- 
If (e,u) —> (0, no), we have 

(q + 1)IG2(£, u)| < £ 2 ~ [ |&(—) I \u\ q+1 dx < Ce 2 ~. 

Jtr n ' £ ' 

So also G2 is a continuous function, hence G is continuous and the lemma is proved. 
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In the next lemma we prove that (G 2 ) is satisfied. 


Lemma 3.2 Assume (ai) and (bi). Then G' and G" are continuous. 

Proof. Let us consider G[, and assume (e,u) —» (£o,u 0 ) with £ 0 7 ^ 0- We obtain 

\\G'i(e,u) — Gi(e 0 ,uo)|| = sup {|((G"i(£,«) - G'^eq, u 0 ))|u)|} = 

IMI<i 



sup 

IMI<1 


x 


a l — I — A ) |w| p 1 uvdx — I a 

/r" V \ £ o/ ) Jm N V \ £ o 


x 


— A^j |«o| p 1 mq v dx |. 


For the first term we can write 


/ (a |m| p 1 uvdx — [ (a ( — ) — A) |w| p 1 uvdx 

J m n V V £ / / J m n \ \£ 0 ) ) 


< 


'IR A 


(?) 


a | — — a 
£ ' V £0 


ip+i 


P+1 


v 


C 


f ]R N 


(?) 


a | — 1 — a 

£/ V £q 


E±i \ pTT 


I p+1 dx < 


u 


ip+i 


where C is independent of v. (||u|j < 1). As above, this term tends to zero, by dominated 
convergence. For the second term we have 


a I — ) — A ) |w| p 1 uvdx — ( a ( — 

/R n V \ £ oJ ) J K* V \ £ 0 


— A^j |«o| p 1 uo vdx 


< 






\v\dx < C ( 

[ Wur'u 

1 \ 

Jm N 


p+i \ p+i 


,, . P+ 1 

|u| p+1 ofe) < 


'HV' 


P+1 \ P+1 


C ( / ||u| p 1 u—\u 0 \ p 1 Mo| p dx 

lm. N 



and this term vanishes as u —> uq- Hence we conclude \\G' x {e,u) — G'^eq, ito)|| —► 0 as (e, it) 
(■ £o,uq ), £o 0. Let us now assume (e, it) —> (0, no). By definition, C?i(0, it) = 0 and 


l|Gi(e,it)|| = sup 
ll«ll<i 




^ |it| p 1 uvdx 


< 



and this term vanishes as £ —> 0. In this way we have proved that G\ is continuous. 
Similar arguments work for G' 2 . Indeed, if (e, it) —» (eo,Uo) with eq ^ 0, we obtain 


\\G' 2 {e,u) - G' 2 (£o,u 0 )\\ = sup \((G' 2 (e,u) - G' 2 (£ 0 ,u 0 ))\v) 

IMI<i 


sup / £ 2 p-i [ b('—\ |ii| p 1 uvdx — £ 0 P 1 [ b ( —^ |ito| p 1 uovdx 1 

||t>||<i l Jm n ^ £ ' Jm N \ £ oJ J 

b (—) \u\ p ~ 1 uvdx — f b (— ^ |w 0 | p_1 ito vda; 1 + 
N \£/ J M N \£q ) J 


< 


o g —p 
SUp \ £ p- 1 

I<1 


sup 

ItelKi 


lm N \ £ o 


e 2 p-i / &( — ) |u 0 | p 1 ito v dx — £g ” 1 / b — ) |u 0 | p 1 UQvdx 


2 g —p 

£ P- 1 sup 
I tel I <1 


/ b 

/rJV \£ 


(?) I«r‘ 


/]R N V £ 0 

uvdx— / 6[— ) |ito| p_1 ito it dx 

J R" \ £ 0/ 


da;. 


< 


+ 


2 q-p 2|=S, f 

£ p- 1 — £q SUp / 

b (— ) [uo\ p 1 u 0 v 

IMIdaiRN 

\ £ 0 / 


The first term can be treated exactly as before, the second term obviously vanishes as £ —> £o- 
Let us now assume (e,u) — > (0,no). We obtain 


||G 2 (£,it)|| = sup | (G 2 (e,u) I u) | < 

IM£i 


sup £ 2 
ltell<i 



x < Ce 2 


Q-P 
P- 1 . 


Now we have proved that G' is continuous. The argument to prove the continuity of G" is 
almost the same and we leave it to the reader. ■ 


Let us now verify that (G 3 ) is satisfied. 
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Lemma 3.3 Let us assume (ai), (bi) and (b 2 ). Let us define, for 6 £ 

r W = —xr z o +1 ( 0 ) [ ( a( ,y)~ A ) d y- 

P + 1 Jtr n 


Then 


and 


lim G(g :f e) = r(0) 


£—►() £ 


N 


G'{e,zg) = 0{e% +1 ). 


( 5 ) 


( 6 ) 


(7) 


Proof. As above we will study separately G\ and G 2 . By the change of variables j/ = | we 
have 

Gi(e, zg) = -- f (a (-) - A) z% +1 (x + 6)dx = 

—xxr f ( a ^ ~ A "> z o +1 ( £ y +°) d y- 

P+ 1 dlRJV 

Since a — A £ L 1 (TR N ) and zq is bounded and continuous, by dominated convergence we get 


Gi(e,z 0 ) 

lim- 

s —»0 £ 


N 


= m 


Hence, to prove ( 6 ) we have to show that 


lim yAll i! = 0 . 


N 


£—>0 £ 

We distinguish two cases. Assume first N < ■ In this case 


( 8 ) 


(9) 


£ N G 2 {e,zg ) = - 


9 + 1 


2 

■ £ P - 1 


b j 2 o + 1 (a; + 0 )da 


/]R n 


and this expression of course vanishes as £ —» 0, because the integral is bounded. Hence, let us 

1 


assume N > 2 ^— 7 . We obtain 

— p -1 


£ G 2 {e, zg) = - 


9 + 1 


■ £ P- 1 


/ b (— ) 2 n + 1 (a; + 9)dx < 
'jr N V £ / 




'R» 


© 


dx 


'jr n 


0-1 

ff(g+i) \ 0 

Zn f< ~ 1 (x + 9) dx I < 




l & (2/)l /J <^2/) > 


'nv' 


where (3 is given by (b 2 ). This term goes to zero since 2^^ — N + ^ > 0. We have now proved 
(9), hence, by ( 8 ), ( 6 ) is also proved. 
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Let us go to the proof of (7). Again we will study separately G[ and G ' 2 . We have 


z$)\\ = sup \(G[(e,z e )\v) 

IHI<i 


sup 

IMI<i 



Zgvdx 


< 



N + 2 

Ce% +1 Hy) , 


hence 


G[(£,z e ) = 0(e " +1 ). 

As to G' 2 (e,z$) we obtain, arguing ad before, 


( 10 ) 


\\G' 2 (e,z e )\\<Ce 2 ^ 



2 N 2iV 

^+2 977 T 2 

Za 


dx 


By the usual change of variables y = | and using (b 2 ), we obtain 


1V + 2 

ITT 


G 2 (e,ze) = o(e" +1 ). 
From this and (10) we readily get (7). 


Remark 3.4 Notice that in the abstract results of section 2 the function F is defined on the 
manifold Z of critical point of the unperturbed functional /o- In the present case this manifold 
is diffeomorphic to IR ;V , so we consider T as a function defined on IR N . ■ 

We can now conclude the proof of theorem 1.1. We know that zq has a strict (global) maximum 
in x = 0 , so that T has a (strict) global maximum or minimum (depending on the sign of 
I ( a(y ) ^ A)dy) at 9 = 0. We can then apply theorem 2.1, setting z* = 0 and, for example, 
6 = 1. We obtain a family {(e, w £ )} ClR x R 1 (] R N ) such that u e is a critical point of f £ , hence 
a solution of (2), and {ug} is a bounded set in H 1 (JR N ). To be precise, we have 

u e (x) = zo{x + 9 e ) + w{e,0 e ){x) 

where \0 e \ < 1 and w(e,& e ) —> 0 as e —> 0. As p < 1 + 4 /N, we obtain a family of 

solutions of (1) such that i/j\ > 0 in R 1 (]R JV ) as A —> 0. 

Remark 3.5 The hypothesis (a 2 ) is not used to prove the properties (G 0 — G 3 ). It is used 
to apply theorem 2.1, and in particular to say that there are z*,6 such that (3) holds. If 
I ( a(y ) — A)dy = 0 then T, as defined in (5), is identically zero. It has critical points, but of 
course they are not stable under perturbations, so we can not conclude that they give rise to 
critical points of f e . ■ 
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4 Second bifurcation result 


In this section we prove theorem 1.2. As before we have to prove that G, G' and G" are con¬ 
tinuous functions. Notice that in the proof of (G 0 ) and (G 2 ) we will consider just the function 
Gi, because the arguments of lemmas 3.1 and 3.2 for the function G 2 use only hypothesis (bi) 
which is unchanged. On the contrary in the proof of (G 3 ) we will study both G\ and G 2 . As 
above we assume N > 3 and 1 < p < q < Let us see first that (G 0 ) is satisfied. 

Lemma 4.1 Assume (as). Then G 1 is continuous. 

Proof. In the case (e,u) — ► (eoi^o), £0 7 ^ 0 we can repeat word by word the arguments of 
lemma 3.1, because there we used only the fact that a is continuous and bounded, which is still 
true in the present case. Hence, let us suppose (e,u) —> (0,wo). Let us fix 77 > 0 and, by (a 3 ), 
M v > 0 such that | a(y) — A\ < 77 if |y| > M v . We obtain 

(p + l)|Gi(e,w)| = J \u\ p+1 dx < 

f a (“) — [u\ p+1 dx + f a (“) \u\ p+1 dx < 

J\§\ <M„ ^ £l/ J\f\>Mr, ' £ ' 

C f \u\ p+1 dx + T] f \u\ p+1 dx < 

J\x\<eM n Jm. N 

cl \\u\ p+1 - \u 0 \ p+1 \dx + C f \u 0 \ p+1 dx + V [ \u\ p+1 dx. 


cl \\u\ p+1 - \u 0 \ p+1 \dx + C [ 
Jr n J la 


JTR. n J\x\<eM n JlR N 

As e —> 0 and u —> uq the first two terms vanish, so 

limsup |Gi(e, u)| < Cr 7 . 

(e,u)—>(0,«o) 

This is true for any 77 > 0, so we conclude G\(e,u) —» 0 when (e,u) —> (0, Uq), and the lemma 
is proved. ■ 

This proves that (Gi) holds. We want now to show that also (G 2 ) holds. 

Lemma 4.2 Assume (as). Then G[ and G'[ are continuous. 

Proof. We will show the continuity of G[, the argument for G" is similar. Assume (s,u) —> 
(eo,uo) with £0 7 ^ 0. In this case one can argue exactly as in lemma 3.2 to obtain 11G^(e, rt) — 
G , 1 (eo,wo)|| —> 0. Hence, let us now assume (e,u) — > (0, uo). For each 77 > 0 let us fix M v > 0 
as in the previous lemma. We obtain 

||G / 1 (e,'u)|| = sup (a(—)— a) \u\ p ~ l uvdx < 


sup < / 

ihi<i [J\i\<M v 


sup < / 

IMI<i Mfl >m„ 


— A\ |d p M dx>< 
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G sup < f |u| p |u| dx > + rj sup j [ |w| p |v| dx\ < 

IMI<1 yj\x\<eM n J |l«n<i Um N J 


G sup 
IMI<i 


p/(p+ 1) 


'\x\<eM v 


i\ p+1 dx 


' \ x\< eM v 


i /( p + i ) ' 


;| p+1 dx 


r) sup 
IHI<i 



p/(p+ 1) 



G 


'\x\<eM ri 


\ p/(p+ i) 

\u\ p+1 dx J + Cry 


'IR N 


t| p+1 dx 


p/{p+ 1) 


Arguing as before we then obtain 


limsup ||G , 1 (£,w)|| < Cr] 

(£,«)—>( 0,Uo) 

for all 77 > 0, hence lim( ejU )^( 0 ,u 0 ) HG'^e, u)|| = 0 and the lemma is proved. ■ 


In the next lemma we prove that (G3) is satisfied. 


Lemma 4.3 Assume (a 3 ), (bi) and (b 3 ). Define 


r ( 0 ) =- 3 — / M 1 z% +1 {x + 8)dx. 

P + 1 Jtr” 


Then, for all 6 £ ]R jV , we have 


and 


lim G(£ ’ 2e) = T{9) 

(11) 

G'(s, zg) = o(e 7/2 ). 

(12) 


Proof. As usual we will study separately Gi and G2. We have 

Gi(e, zg) = --j— f (a (-) - A) z% +1 (x + 6)d: 

P + 1 Jtr n v v £ 1 J 

(°( 


r x\ ,\ |a;| 7 z$ +1 (x + 9) 


P + 1 Jtr n v v e 

We know that, for all x 0, 


-A 


£7 \XP 


dx. 


( ( x \ 

a — 

V V £/ 


-A) 

£/ ) £ 7 


L as £ —> 0, 
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while, since 7 < N and z 0 has an exponential decay at infinity, |arf 7 zo(x) £ L 1 (IR JV ). Hence 
by dominated convergence we get 


lim Gl ( s > z *) =T( 6 >). (13) 

£7 W V ' 

To study prG 2 (e, zg) we can repeat the argument used in Lemma 3.3, distinguishing the cases 
7 < and 7 > , and using (b 3 ) instead of (b 2 ). We obtain 


lim 

£—*0 


G 2 (e,zg) 

£7 


= 0 , 


(14) 


and (11) follows from (13) and (14). 

Let us now prove (12). We study first G[ then G' 2 . With the same arguments of lemma 3.3 we 
get 


\G[(£,Zg)\\<C 




2 N 
N + 2 


P 21V 
V N + 2 



N + 2 

~TR~ 


We have to distinguish three cases. 


First case: 7 < . 

We obtain 



N+2 
2 N 


£ 


7 




2 N P N+2 
N + 2 Zq 


(x) 


2 N 

|a;| 7jv + 2 



N + 2 
2N 


< 


C+ 1 



Z P g N+a (x) 

\xPMs 



N + 2 

"2 W 


< C £<, 


because 7 -^^ < N, hence Zg N+ 2 (x) \x\ 7 "+ 2 € L 1 (IR JV ). Therefore in this case 

||G' 1 (e,*e)||=0(e 7 )- 


Second case: 7 > 

In this case the function |a(a:) — N + 2 is in L 1 (IR. 7V ), because it is bounded and at infinity 

it is asymptotic to \x\~ lTr + 2 . and 77775 > ^■ Therefore, by the usual change of variables y = f 
we obtain 



2 N 
N+2 


P-WT2 



N + 2 

2k 


< 


14 



Ce 


2 N 

\a(y) — A\ 77 + 5 dj/ 


'EP' 


iV + 2 

TTT 


< Ce~ 


Hence, recalling that 7 < N, we obtain 


\\G' 1 (e,z e )\\ = 0(e%+ 1 ) = o(s^). 


Third case: 7 = . 

In this case we apply Holder inequality using as conjugate exponents, instead of and 

■^ 2 , any s, s' such that s is smaller than -jCC but near to it, so that s' is bigger than but 

near to it. In this way we obtain 


\\ G i( s > z e)\\ = SU P l(Ci( £ ) z e)\ v )\ — 
INI<i 


sup 

IMl<i 


/HP' 


(a ^ — Aj Zgvdx 


< sup 
IMI<i 






< 





It is s '7 > N , so, as before, |a — A| s e L 1 (IR Ar ). We can then apply the usual change of 
variables to obtain 


\\G'i(e, Zg)\\ < C , £ jv/s \ 


We have that s' is near , so N/s' is near 7 . Hence we obtain 


|Gi( £ , 2 e)ll = 0(e N/s ') = o(e 2 ). 


We have concluded the study of Gi(e, z$). As to G' 2 (£,zo), the same argument of lemma 3.3 
gives 


\\G' 2 (e,z e )\\ = o(e" +1 ) = o(e*). 
In this way the lemma is completely proved. ■ 


We want now to complete the proof of Theorem 1.2. As in the previous section, we have only 
to prove that the function T satisfies the hypotheses of theorem 2.1. Let us prove that 

there is R > 0 such that either min T(0) > T(0) or max r(0) < T(0). (15) 

\0\=R 101—.R 

To prove (15) we first notice that F is continuous and r(0) is either positive on all IR V or 
negative on all IR A . Then we claim that 
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To prove (16), let us write 


lim T( 0 ) = 0 . 

|0|^+oo 


(16) 


\T(0)\=C f \x\~^ z% +1 {x+9)dx = C [ |x |" 7 z% +1 (x+9)dx+C [ \x\-~< z£ +1 (x+9)dx. 

It is |a;| -7 £ L 1 (Bi), while Zq +1 (x+9) —> 0 as \6\ —> +oo, for all x, so by dominated convergence 
the first integral vanishes as \9\ —> +oo. For the second integral we write 

[ \xrz p 0 +1 (x + 9)dx= [ \y - 61^ z% +1 (y)dy = f xe{y)\y ~ ^l -7 z p 0 +1 {y)dy 1 
J\x\>l J\y-8\>1 Jm N 

where \6 is the characteristic function of the set {y £ 1R W \ \y — 6\ > 1}. It is trivial to see that 

xe{y)\y - ^T 7 < 1 

for all y,9 £ IR, A (y ^ 9 ), and that Xe(y)\y ~ ^l -7 —*■ 0 as \0\ —> +oo. Again by dominated 
convergence we obtain that also the second integral vanishes when \6\ —► +oo. So (16) is proved, 
hence also (15). We can apply theorem 2.1 and argue as in the previous section. 


5 Continuous branches of solutions. 


In this section we prove that in some cases the families of solutions bifurcating from (0, 0), that 
we have found in the previous sections, form a curve. We first will prove some abstract results 
(following the frame of section 2), then we will apply these result to problems (1) and (2). So let 
us come back to the abstract frame of section 2. To make easier the passage from the abstract 
frame to the applications, we will denote by z$, 9 £ IR d , the elements of Z. Notice that our 
arguments are local in nature and we will work in the neighborhood of a fixed point, so we can 
assume, without loss of generality, that the manifold Z is given by a unique map 9 —> zg. We 
will indicate with diZ , d % j z the derivatives of zg with respect to the parameter 9 , that is 


a.- = ||«o, 


„ 3 2 z 

Oj A Z = - 

10 ddiddj 


(9). 


About the manifold Z of critical points we will also assume the following hypothesis, which is 
satisfied in our applications. 


(H) (diz\djz) = 0 if i / j, \\di z \\ = c (independent of i and 9), ( dijz\diz) = 0 for all 
b j: l 1, d. 


About the functionals F, G we will assume two different types of hypotheses. Recall that a, T 
are those given in hypothesis (G 3 ). 
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(F 4 ) F is of class G 4 ; 

(G 4 ) G is of class G 4 with respect to u and the map (s,u) — > G'"(e,u) is continuous; 
(G 5 ) r is C 2 and, if 9 e is a family such that 9 e — * 9 as £ —> 0, then 

lim [( -~ a (G '(£, zg e ) | dijze e ) + £ _ “(G"(e, zg e )di.zg e \ djZg e )\ = d tj T(9). 


lim e a 
£—>0 


/2 G"(£,zg e )diZe s = 0, lim £ a/2 G"(e, zg e )dijZg e = 0 

and lim £ _ “ /2 G"'(£, = 0. 

£—>0 


(F 4 )' F is of class G 3 ; 

(G 4 )' G is of class G 3 with respect to u and the map (e,u) —> G"'(e,u) is continuous. 

(G 5 )' G'(s, u) = 0(e a ) for all u G E, T is G 2 and, if is a family such that 9 e 9 as £ — > 0, 
then 

lim [£ _q (G'(£, 2 ;^) | dijzej + £~ a (G"(e, z 6e )diZ Se \ djZg e )\ = %r(6»), 

lim £ _a/2 G"(£, Z 0 e )diZg e = 0. 

£—»0 


We can now prove two abstract theorems. 


Theorem 5.1 Assume (H), (Fo — F 4 ) and (Go — G 5 ). For a given 9 € IR d , and for any small 
e’s, let us suppose that there is a critical point u e € Z s of f e , such that u e = zg e + w(e,9 s ) 
and 9 e —> 9 as £ —> 0. Assume that zg = lim E zg e is nondegenerate for the restriction of fo 
to (T^Z) 1 -, with Morse index equal to mo, and that the hessian matrix D 2 T(9) is positive or 
negative definite. 

Then u e , for small e’s , is a nondegenerate critical point for f e with Morse index equal to 
mo if D 2 T(9) is positive, to mo + d if D 2 T(9) is negative. A a consequence, the critical points 
of f e form a continuous curve. 

Proof. Let us write 

E = E + © E° © E~ (17) 

where E° = T zg Z, dim(£l _ ) = mo and there exists 6 > 0 such that 

J D 2 fo{zg)[v,v) > <5|M | 2 \/veE+, 

\ D 2 fo(zg)[v,v] <—(5||u || 2 VueFT. 

From the hypothesis fb(z v ) = 0 for all r] G 1R V it is easy to deduce 
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Let us define 


D 2 f 0 {ze)[diZ(i,djZ9] = 0 . 


V° = 


ize | 


■ dize. 


The set {v?f }i=i,..,d is an orthononnal base for E°. Let Ai,...,Ad be the eigenvalues of the 
symmetric matrix D 2 f 0 (zg) on E~. Of course A.; < 0 for all i, and let Ao = max,; A., < 0. Let 
{if }i=i,..,m 0 be an orthonormal base for E~ such that D 2 /o[if , if] = 0 if i ^ j, D 2 f 0 [t f , if] = A,. 
By orthogonality of the decomposition (17), we have (</?f | if) = 0 for all i.j. Define 


Vi = 


|| diZg e 


■ diZg e . 


The set {tpf }j=i,. .4 is an orthonormal base for the tangent space T Ze Z, space that we denote 
E®. Notice that <pf —> t/?f as e —* 0. 

For f = toq we want to find rf such that, setting if = if + rf , we obtain, for all i,j , 


(*n^) = o 

That is, we want 


(18) 


hence 


0=(tfkf) = (t?+7f k?+(^-V?)) = (t?|^-^) + (7f |^), 


W l^) = -(*il^-^). 

So, we define 

*/=£-(*? 1 

i=i 

and (18) holds. Notice that rf —► 0 as £ —> 0, so that 

if -»if 


as £ —> 0. As {if},; is an orthonormal base, the vectors {if} are linearly independent, for small 
e’s. Let us define E~ the mo-dimensional space spanned by {if}. For v € E~ , ||u|| = 1, we 
have v = Pkt% and we can write 


mo mo 

D 2 fe(u e )[v,v\ = Y PlPkD 2 f e {u e )[tf + ,t° k + Tf:\ = Y PiPkD 2 f £ {u e )[tf,t° k ] + o( 1), 
l,k—l l,k= 1 

where o(l) vanishes as e —+ 0, uniformly in v. By hypotheses (F 0 ), (Gi), (G 2 ), we obtain 

D 2 f £ (u £ )[tlt° k )^D 2 f 0 (z e )[tl4\. 

As if -» if, for e —► 0, and {if} is orthonormal, it is easy to see that, for small e’s, ||u|| = 1 
implies Y^T= 1 Pk — \- Hence 


18 



m° 

D 2 f e {u e )[v,v] = ^ ^kPt +0(1) < y +o(l), 

fe= 1 

where o(l) —> 0 as e —> 0, uniformly in v if ||u|| = 1. Hence, for small e, D 2 f e (u £ ) is negative 
definite in E~. We now define 


E+ = (.E° © E")\ 

so that 


e = j b+©£;°®£; £ -. 

We want now to prove that D 2 f e {u e ) is positive definite on E+, for small e. Let P + be the 
orthogonal projection of E to E + . 

We claim that there are Sq > 0 and £o > 0 such that for all |e| < £o and all v G E+, ||u|| = 1, 
it holds 


D 2 f e {u e )[v,v\ > < 5 0 . 

We argue by contradiction. If the claim is not true, then there are sequences {£*}, {i>fc} C Ef , 
with | |i?fe 11 = 1 and e k —► 0 as k —> oo, such that 


1 


> D f £k ( u ek ) \ v ki v k\ — 


D 2 f Sk (u e k ) [P + v k , P + v k \ + 2D 2 f ek {u e J [P + v k , v k - P + v k ] + D 2 f £k {u e J [v k - P + v k , v k - P + v k \■ 

(19) 

We recall that 


mo d 

Vk - P + v k = J2(v k I t°)t° + ^(u fc I 

i=1 i=1 

and that, since v k € Ef , (v*, | f® fe ) = 0 and (y k \ Vi, k ) = 0. Hence we have 

as k —> oo, because and {v*,} is bounded. In the same way we get 

(v k | Vi) 0, 

hence 


Now (19) becomes 


Vk ~ P + v k —► 0. 


jT > +0(1) = 

£ )2 /o(^)[-P + Vfe,P + Vfc] + ( D 2 f Sk {u ek ) - D 2 /o(^))[P + Vfe,P + Vfc] +o(l). 


( 20 ) 


(21) 
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Thanks to the continuity hypotheses we have 


(■ D 2 fe k {u ek ) -D 2 f 0 (ze))[P + v k ,P+v k ) = o(l), 


while 


D 2 fo{ze)[P + v k , P + v k \ > 6\\P + v k \\ 2 , 


because P + Vk € E + . By (20) we also obtain 


||P + ^|| -> 1. 

Hence (21) gives 

J, >S + o(l), 

a contradiction. So the claim is proved. 

Up to now we have shown that, for small e, D 2 f e (u e ) is negative definite on E~ and positive 
definite on Ef. We want now to study the behavior of D 2 f e (u e ) on E®. We will prove that 
D 2 f e (u e ) is positive or negative definite accordingly with D 2 T(9 ), and this will conclude the 
proof. 

As first thing we recall that we have 


D 2 f e (u e )[d i Z0 e ,d j z e J = (diZ0 e | djZ0 e ) - (F"(u e )d,z ee \djZ 0e ) + (G''(£,u e )d i Z0 e \ djz ee ). 

As diZ0 e G ker[/B — F"{z0 e )\ and w(O,Z0 s ) = 0, developing F"{ u e ) and G"(s,u e ) and setting 
w e = w(s, 9 e ), we obtain 

D 2 f e {u e )[diZ0 e ,djZ0 s ] = 

(■ diZ0 e | d jZ 0 e ) - (. F"{z0 e )diZ0' | djZ0 e ) - {F" , (z0 e )[d i Z0 e ,d j z e J | w e )+ 

(G"(e, z 0e )diZ0 e | djzeJ + (G'"(e, Z0 e )[d i Z0 c ,d j Z0 J | w e ) + 0 (||w £ || 2 ) = 

-(F"'(z0 e )[diZ0 e ,djZ0 J | w e ) + (G"(e, Z0 e )diZ0 e \ djZ0 e )+ 

{G"'(e,Z0 e )[d i Z0 e ,d j Z0 e }\w £ ) + 0 (\\w £ \\ 2 ). 

We have w e = o(e a ^ 2 ) (see theorem 2 . 1 ), hence from (G s ) we deduce 

(G'"(e, Z0 e )[diZ0 € ,djZ e J | w e ) = o(e a ) 

so that 


D 2 fe{u e )[d i Z0 e ,d J Z0 J 
By (4) we have 


-(F”'{z 0 e )[diZ 0 e ,djZ 0 e \ |tu e ) + ( G"(e,u e )diZ 0 e \djZ 0 e ) +o(e“). (22) 
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zg e + w. 


e - F'(z 0 e + w £ ) + G'(e, zg e + w e ) = ^aidiZ 0 e . 

i 

Developing F' and G' we obtain 

zg s +w e - F'(zo e ) - F"(zg e )w e + G'(e,zg e ) + G"(e,zg e )w £ + 0(||u> e || 2 ) = ^aidizg e . 

i 

By a scalar product with dijZg e , recalling (H) and the fact that zg e = F'(zg e ), we get 
(w £ | dijZeJ - ( F"(zg s )w e I dijZg e ) + (G'(£, Zg e ) I dijZg e ) + 


By (G 5 ) it is 


(' G"(s,Zg s )w e I dijZg € ) +0(||w £ || 2 ) = 0. 


(G"{£,Zg s )w e \dijZg e ) 


(' G"(£,Zg e )dijZg e I W £ ) = o{£ a ), 


so we obtain 


(w E I dijZg s ) - ( F"(zg s )w e | dijZg s ) + (G'(e, zg e ) \ dijZg e ) + o(e Q ) = 0. (23) 

Deriving twice the equation z n = F'(^) with respect to r/ G IR V and computing the result at 
77 = 9 e we obtain 

dijZg e = F"(zg e )d ij Zg e + F’" (zg e ) [9,; Zg e , djZg e \. 

By a scalar product with w e we get 

(dijZg e I W £ ) = (.F"(zg e )dijZg e )\w e ) + (F'"(zg s )[d i Zg e ,d j Zg e: ] \ W £ ). 

Substituting this last identity in (23) we obtain 

-{F'"{zg e )[diZg e ,djZg e } \w £ ) = (G'(e,Zg e ) \ dijZg e ) + o(e a ). (24) 

From this and (22) we have 


D 2 fe(u e )[diZg e ,djZg e ] = {G'(e, Zg e ) \ dijZg e ) + (G"(£,U e )diZg e \djZg e ) + o(e a ). 


Hence, dividing by e Q , passing to the limit and using hypothesis (G 5 ) we obtain 


lim 

£—»0 


J^D 2 f £ (u e )[diZg s ,djZg e ] = lim-^{G'{e,zg e )\d ij zg s )+-^{G"(£,u £ )d i zg e I djZg e ) 


d tJ m- 


As D 2 r(9) is definite, so is D 2 f £ (u £ )[diZg e , djZg e ], for small e’s. 

Let us recall what we have proved up to now. Let us assume that D 2 V(9) is definite positive 
(the other case is analogous). We have proved that there is a constant 6 > 0 such that 
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D 2 f £ (u £ )[v ,v } < — (5||i> || 2 for all v G E e , 

D 2 f £ (u £ )[v°,v 0 } > fe Q ||v°|| 2 for all v° G E°, 

D 2 f e (u £ )[v + ,v + ] > < 5 ||u + || 2 for all u + G E+ . 

To conclude the proof we have to show that D 2 f £ (u e ) is positive definite in Ef + E°. This 
does not derive directly from the previous statements because it is not true, in general, that 
D 2 f £ (u £ )[v + ,v°] = 0. However, thanks to (G 5 ), we have, for any v + G Ef , v° G E £ , 

\D 2 f £ (u £ )[v + ,v°}\<o(s^ 2 )\\v + \\\\v°\\. 

Hence, for small e’s and a suitable 8 \ > 0, we obtain 

D 2 f £ (u £ )[v+ +v°,v+ +v 0 } > <%+|| + fe“||v°|| - o(e a / 2 )||u + || ||u°|| > <5i||u+ + u°|| 2 . 

The proof is now complete. 


With small changes in the previous arguments one can prove the following theorem. 

Theorem 5.2 Assume (H), (F 0 — F 3 ), (G 0 — G 3 ), (F 4 )', (G 4 )', (G 5 )'. For a given 9 G !R d , 
and for any small e’s, let us suppose that there is a critical point u e G Z £ of f £ , such that 
u e = zg e + w(e, 0 e ) and Q e 6 as e 0. Assume that zg = lim £ zg e is nondegenerate for the 
restriction of fa to {T^Z) 1 -, with Morse index equal to mo, and that the hessian matrix D 2 V{6) 
is positive or negative definite. 

Then u e is a nondegenerate critical point for f £ with Morse index equal to mo if D 2 T{6) 
is positive, to mo + d if D 2 V{ 9 ) is negative. As a consequence, the critical points of f £ form a 
continuous curve. 

Proof. To study the behavior of D 2 f £ (u e ) on Ef and E~ we repeat the arguments of the 
previous theorem. As to E we recall that the hypotheses imply w £ = 0(s a ) (see lemma 2.2 
in [2]), so (22) and (24) still hold and the proof goes on as in the previous theorem ■ 


We want now to apply these abstract results to our equation (1). In the following theorem we 
apply theorem 5.1. To fit hypotheses (F 4 ), (G 4 ), we have to assume p > 3. Together with 
the hypothesis p < this of course implies N < 3. Notice that in the following theorems 
we will treat curves of solutions bifurcating from 0 , or oo, or bounded away both from 0 and 
oo. Recall that we refer in our claims to the H 1 - norm, and that in any case the L°°-norm is 
vanishing. 
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Theorem 5.3 Let us suppose N = 1,2,3 and 3 < p < q < +oo if N = 1,2 while 3 < p < q < 5 
if N = 3. Assume (ai), (& 2 ), (bi) and (b 2 ). Then we obtain a curve (A ,ip\) of solutions of 
(1), where A G (Ao, 0), for a suitable Ao < 0. We have the following behavior of ip\ as A —> 0: 

1. If N = 1 and 3 < p < 5, then HV'aI! ~ > 0; so we have a curve of solutions bifurcating from 

the origin in H 1 ( IR^); 

2. If N = 1 and p = 5, or if N = 2 and p = 3, then 11 V’A 11 —0, so we have, in H 1 ( IR^), a 

curve of solutions bounded away from 0 and oo; 

3. If N = 1 and p > 5, or if N = 2 and p > 3, or if N = 3 and 3 < p < 5, then \\ifx 11 ~> +oo, 

so we have, in i? 1 (IR JV ) ; a curve of solutions bifurcating from infinity. 

Proof. By theorem 1.1 we get for equation (2) a family of solutions u s = zg e + w( e, 6 e ). 
Using the general devices of section 2, it is easy to see that 9 e must converge, as e —^ 0, to a 
maximum or a minimum point of T. But P, as defined in lemma 3.3, has the unique critical 
point 6 = 0, hence 9 e — > 0 as £ —> 0. To apply theorem 5.1 we have to show that the hypotheses 
(F4), (G4), (G5) are satisfied. The assumption p > 3 gives that F,G are C 4 . As to the 
asymptotic assumptions, they are easily checked with arguments similar to those of section 3 
and we leave this to the reader (notice that here a = N). Recalling that z 0 is a nondegenerate 
critical point for /o we apply theorem 5.1 and we find a curve (e,tt e ) of solutions of (2), such 
that u e {x) = zq{x + 9 e ) + w(e, 9 e ){x) with 9 e —> 0 and w(e, 9 e ) —> 0 as e 0. By the change of 
variables A = — e 2 and tp\(x) = £ 2 / p ~ 1 u E (ex) we get a family of solutions of (1), which is still 
a curve. Noticing that u e —> Zq in H 1 , it is easy to verify the statements on lim^o ||^||: it is 
just a computation involving a change of variables, and we leave it to the reader. ■ 


In the case N = 1 it is possible to relax some hypotheses. In the following theorem we assume 
p > 2 and we do not suppose a continuous and bounded. We apply theorem 5.2. 


Theorem 5.4 Let us assume N = 1 and 2 < p < q < +00. Assume a — A G L 1 (IR), 
f ]R (a(x) — A)dx ^ 0 , and suppose also (bi) and (b 2 ). Then we obtain a curve (A,^a) of 
solutions of (1), where A G (Ao, 0), for a suitable Ao < 0. We have the following behavior ofip\ 
as A —► 0: 

1. If 2 < p < 5, then HV’aII —► 0, so we have a curve of solutions bifurcating from the origin in 

H 1 ^). 

2. If p = 5 then ||V>a|| c / 0, so we have, in i4 1 (IR Ar ), a curve of solutions bounded away 

from 0 and 00. 

3. If p > 5 then ||V>a|| —► +00, so we have, in i4 1 (IR JV ), a curve of solutions bifurcating from 

infinity. 

Proof. We want to apply theorem 5.2. As p > 2, F, G are C 3 . As to the asymptotic 
properties of G, in particular (G 5 )', notice first that here a = 1. We use the arguments of [2] 
(in particular the proof of lemma 4.1, p. 1142-1143) to study G[ and G", while the study of 
G ' 2 and G'f is the same as in the previous sections. Hence we obtain a curve (e, u e ) of solutions 
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of (2). Arguing as in the previous theorem, we obtain a curve of solutions of (1), and 

we get its asymptotic properties as A —> 0. ■ 


Remark 5.5 Theorems 5.1 and 5.2 fill a gap in the proof of theorem 3.2 in [2], In that paper 
theorem 3.2 was used only in theorem 1.5, to prove that a family of solutions was a curve. Now 
this result is a particular case of theorem 5. A similar correction to theorem 3.2 of [2] was 
obtained by S. Kromer in his Diplomarbeit [14]. He also obtained there a bifurcation result 
analogous to theorem 1.1. ■ 


References 

[ 1 ] A. Ambrosetti, M. Badiale. Homoclinics: Poincare-Melnikov type results via a varia¬ 
tional approach. Annales I.H.P. - Analyse nonlin., 15 (1998), 233-252. 

[2] A. Ambrosetti, M. Badiale. Variational perturbative methods and bifurcation of bound 
states from the essential spectrum. Proc. Royal Soc. Edinburgh, 128-A (1998), 1131-1161. 

[3] A. Ambrosetti, M. Badiale. Remarks on bifurcation from the essential spectrum. Top¬ 
ics in Nonlinear Analysis, J. Escher e G.Simonett eds., PNLDE 35, Birkhuser 1999, 1-11. 

[ 4 ] A. Ambrosetti, M. Badiale, S. Cingolani. Semiclassical states of nonlinear 
Schrodinger equations. Archive Rat. Mech. Anal., 140 (1997), 285-300. 

[5] A. Ambrosetti, J. Garcia Azorero, I.Peral. Perturbation of A u+u ( ' N+2 ' > ^ N ~ 2 ' > = 0, 
the scalar curvature problem in R N and related topics. J. Fund. Analysis , 165 (1999), 
117-149. 

[6 ] A. Ambrosetti, J.Garcia Azorero, I.Peral. Remarks on a class of semilinear elliptic 
equations on R N , via perturbation methods Advanced Nonlinear Studies , 1 (2001). 

[ 7 ] A. Ambrosetti, A.Malchiodi, W.M.Ni. Solutions concentrating on spheres to sym¬ 
metric singularly perturbed problems, C.R.A.S. , 335 (2002), 145-150. 

[8] A. Ambrosetti, A.Malchiodi, S.Secchi. Multiplicity results for some nonlinear 
Schrodinger equations with potentials, Arch. Rat. Mech. Anal., 159 (2001), 253-271. 

[9] M. Badiale, A.Duci. Concentrated solutions for a non variational semilinear elliptic equa¬ 
tion. Houston Journal of Mathematics , 27 (2001), 649-682. 

[10] M. Badiale, B. Pellacci, S. Villegas. Elliptic problems in RN with jumping nonlin¬ 
earities: perturbation results. Differential and integral equations , 13 (2000), 837-868. 

[11] H. Berestycki, P. L. Lions. Nonlinear scalar held equations I, Existence of a ground 
state. Archive Rat. Mech. Anal., 82 (1983), 313-345. 

[12] H. Berestycki, P. L. Lions. Nonlinear scalar held equations II, Existence of inhnitely 
many solutions. Archive Rat. Mech. Anal., 82 (1983), 347-375. 


24 



[13] M. Berti, P.Bolle. Homoclinics and chaotic behavior for perturbed second order sys¬ 
tems, Ann. Mat. Pura ed Appl., 158 (1999), 323-378. 

[14] S. Kromer Symmetriebrechung bei Variationsproblemen. Diplomarbeit, Universitat 
Augsburg, June 2002. 

[15] M. K. Kwong. Uniqueness of positive solutions of Ait — it + u p = 0 in IR^. Archive Rat. 
Mech. Anal., 105 (1989), 243-266. 

[16] R.J. Magnus. On perturbation of translationally invariant differential equations. Proc. 
Royal Soc. Edinburgh, 110-A (1988), 1-25. 

[17] Y.J. Oh. On positive multi-lump bound states of nonlinear Schrodinger equation under 
multiple well potential. Comm. Math. Phys., 131 (1990), 223-253. 

[18] C. Stuart. A global branch of solutions to a semilinear elliptic equation on an unbounded 
interval Proc. Royal Soc. Edinburgh, 101 A (1985), 273-282. 

[19] C. Stuart. Bifurcation of homoclinic orbits and bifurcation from the essential spectrum. 
SIAM J. Math. Anal, 20 (1989), 1145-1171. 

[20] C. Stuart. Bifurcation in L p (IR iV ) for a semilinear elliptic equation. Proc. London Math. 
Soc., (3) 57 (1988), 511-541. 

[21] C. Stuart. Bifurcation from the essential spectrum for some non-compact non-linearities. 
Math. Meth. in Appl. Sciences, 11 (1989), 525-542. 

[22] C. Stuart. Bifurcation into spectral gaps. Supplement to the Bull. Belgian Math. Soc., 
November 1995. 


25 



